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Some Fixed Point Theorems for
(CAB)-contractive Mappings and Related Results

ARSLAN HOJAT ANSARI, MAHER BERZIG, AND SUMIT CHANDOK*

ABSTRACT. In this paper, we introduced the concept of (C'AB)-contractive
mappings and provide sufficient conditions for the existence and unique-
ness of a fixed point for such class of generalized nonlinear contractive
mappings in metric spaces and several interesting corollaries are de-
duced. Also, as application, we obtain some results on coupled fixed
points, fixed point on metric spaces endowed with N-transitive binary
relation and fixed point for cyclic mappings. The proved results gener-
alize and extend various well-known results in the literature.

1. INTRODUCTION AND PRELIMINARIES

Fixed point theory is one of the traditional branch of nonlinear analy-
sis. The importance of fixed point theory has been increasing rapidly over
the time as this theory provide useful tools for proving the existence and
uniqueness of the solutions to various mathematical models (integral and
partial differential equations, variational inequalities etc). Also, it has a
broad range of application potential in various fields such as engineering,
economics, computer science, and many others.

It is well known that the contractive-type conditions are very indispens-
able in the study of fixed point theory and Banach’s fixed point theorem
[1] for contraction mappings is one of the pivotal result in analysis. This
theorem that has been extended and generalized by various authors (see,
e.g., [2],]7],[8],19],[15],[17],|28]) and has many applications in mathematics
and other related disciplines as well. In [26], Samet and Turinici extended
and generalized the Banach contraction principle to spaces endowed with an
arbitrary binary relation, and they unified many known results. Recently,
there have been so many exciting developments in the field of existence of
fixed point in partially ordered metric spaces and fixed point for cyclic map-
pings. For more details, we refer the reader to the Bhaskar et al. 6], Berzig
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et al. [4], Chandok et al. [10, 11, 13, 12, 14], Karapinar et al. [18], Kim et
al. [20], Nieto et al. |22, 23], O’Regan et al. |24], Ran et al. [25], Samet et
al. [27], and Turinici [29].

In this paper, we introduced the concept of (C'AB)-contractive mappings,
which generalize well exist nonlinear contractive type mappings. These
classes of mappings are used to obtain some fixed point theorems in met-
ric spaces by generalizing and extending some well-known results. Moreover,
several interesting corollaries are deduced for coupled fixed point, fixed point
on metric spaces endowed with IN-transitive binary relation and fixed point
for cyclic mappings. Finally, we prove that some existing results in the
literature are particular cases from our main theorems.

To begin with, first we give some definitions and notations which will be
used in the sequel.

Definition 1.1 (see [19]). A function 1) : [0,00) — [0, 00) is called altering
distance function if the following properties are satisfied:
(al) % is continuous and non-decreasing;
(a2) 9(t) =0 if and only if ¢t = 0.
We denote ¥ the set of all altering distance functions.
Definition 1.2. The pair of functions (1, ¢) is a pair of generalized altering
distance where 1, ¢ : [0, +00) — [0, +00) if the following hypotheses hold:
(al) 9 is continuous and non-decreasing;
(a2) limy o0 ¢(tn) = 0 = limy, o0 ty, = 0.
Definition 1.3. A mapping & : [0,4+00) — [0,400) is an A-class function
if h(t) > ¢,Vt > 0.
We denote A the set of all A-class functions.
Example 1.1. The following functions A : [0, +00) — [0, 4+00) are elements
of A:
(1) h(t)=a' —1,a>1,t € [0,+00);
(2) h(t) =mt, m >1,t € [0,+00).
Definition 1.4 ([3]). Let X be a set, and let R be a binary relation on X.
A mapping T : X — X is an R-preserving mapping if z,y € X : 2Ry =
TxRTYy.

In the sequel, let N denote the set of all non-negative integers, let R denote
the set of all real numbers.

Definition 1.5 (|3]). Let N € N. R is N-transitive on X if xg, z1,...,2n4+1 €
X :ziRxiyq foralli ={0,1,...,N} = 2oRTN+1.

The following remark is a consequence of the previous definition.

Remarks 1.1. Let N € N. We have:
(i) If R is transitive, then it is N-transitive for all N € N;
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(ii) If R is N-transitive, then it is k& N-transitive for all k € N.

Definition 1.6 ([5]). Let (X, d) be a metric space and R, Ro two binary re-
lations on X. A metric space (X, d) is (R1, R2)-regular if for every sequence
{zp} in X such that z, — x € X asn — 400, and 2, R1Znt1, nRoxp4q for
all n € N, there exists a subsequence {z,)} such that z,, ) R17, T, Rax
for all k£ € N.

Definition 1.7 (|3]). A subset D of X is (R1, R2)-directed if for all z,y € D,
there exists z € X such that (zR12) A (yR12) and (zR22) A (yRaz).

Definition 1.8. Let X be a set and o, : X x X — [0,400) are two
mappings. We define two binary relations R and Rs on X by

TRy <= a(r,y) <1 and xRy <= B(z,y) > 1.

for all z,y € X.

2. MAIN RESULTS
Definition 2.1. A mapping f : [0,00)* — R is a 1-1-upclass function if the
following conditions hold for all u, v, s,t € [0, 00)
(1) f(1,1,s,t) is continuous;
(2 0<u<l,v>1= f(u,v,s,t) < f(1,1,s,t) <s;
(3) f(1,1,s,t) =s =s=0o0rt=0.
We denote C the set of all 1-1-upclass functions.

Example 2.1. The following functions f : [0,00)* — R are elements of C
for all u,v,s,t € [0,00):

(1) f(u,v,s,t) =us—vt, f(1,1,s,t) =s =t =0;

us — vt
2 t) = 1,1,s,t) =s=1t=0;
()f(u’U7S7) 1—"—'Ut’f(, 787) S )
(3) f(u,v,s,t):%,f(l,l,s,t):s:>s:00rt:0;
v

t us

(4) fa(u,v,s,t) = logawa a > 17 fa(171787t> =s=s=0or
f— 0 14+t

us
(5) f(u,v,s,t):lnu1++€ , f(1,1,8,1) =5 = s=0;

v

(6) fa(u,v,s,t):(u3+a)ﬁ—a,a>1, fa(1,1,5,t) =s =t =0;
(7) fa(u,v,s,t) =uslog, . sa,a>1, f,(1,1,5,t) =s =s=0o0rt=0

Definition 2.2. Let (X,d) be a metric space. A mapping T : X — X
is (C'AB)-contractive mapping if there exists a pair of generalized altering
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function (¢, ¢), h € A and f € C such that
) h(¥(d(Tz,Ty))) < flalz,y), Bz, y), ¥(d(z,y)), (d(z,y))),

for all x,y € X,
where a, f: X x X — [0, +00).
If f(u,v,s,t) =wus — vt and h(t) = t, we obtain

Definition 2.3 ([5]). Let (X, d) be a metric space. A mapping T': X — X
is (1), B)-contractive mappings if there exists a pair of generalized distance

(1, @) such that

v(d(Tz, Ty)) < alz,y)¢(d(z,y)) - B(z,y)é(d(z,y)), forall z,y € X,
where a, 8 : X x X — [0, 4+00).

Now we are ready to state our first main result.

Theorem 2.1. Let (X,d) be a complete metric space, N € N\{0}, and
T:X — X be an (CAB)-contractive mapping satisfying the following con-
ditions:

(A1) R; is N-transitive for i = 1,2;

(A2) T is Ri-preserving for i =1,2;

(A3) there exists xg € X such that xoR;Txqy fori=1,2;

(A4) T is continuous.

Then, T has a fixed point, that is, there exists x* € X such that Txz* = x*.
Proof. Let xg € X such that zgR;Tzo for i = 1, 2. Define the sequence {z,}
in X by 41 =Tz, for all n > 0.

If z,, = 41 for some n > 0, then z* = x,, is a fixed point T. Assume
that x,, # x4 for all n > 0. From (A2) and (A3), we have

xoR1Txo = a(xo, Txo) = a(xo,z1) < 1= a(Txo, Tz1) = 21, 29) < 1.
Similarly, we have
xoR2Txg = B(xo, Txo) = B(x0,21) > 1 = B(Tx0, Tx1) = B(T1,22) > 1.
Using mathematical induction, and (A2) it follows that
(2) a(Tp, Tpt1) < 1 for all m >0,
and, similarly, we have
(3) B(xn, Tnt1) > 1 for all n >0,
Substituting = x,, and y = z,4+1 in (1), we obtain
Y(d(Tn, Tony1)) < h(Y(d(TTn, Tni1)))
< fla(@n, nt1), B(Tn, Tnt1), Y(d(Tn, Tnt1)), ¢(d(Tn, Tnt1)))
So, by (2) and (3) it follows that
4
ib()d(xn+1,mn+2)) < f(L,1,9(d(@n, Tnt1)), ¢(d(@n, Tnt1))) < P(d(Tn, Tngr))-
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Using monotone property of 1, we have

d(Tnt1, Tnt2) < d(Tn, Tni1),

for every n > 1. Hence the sequence {d(xy,, x,+1)} is a decreasing sequence.
So for the nonnegative decreasing sequence {d(zp, Tn+1)}, there exists some
r > 0, such that

(5) nh_)rrolo d(Tp, Tpy1) = 7.

Assume that » > 0. On letting n — oo in (4), so by using (5) and the
continuity of ¥ and f , we obtain

(6) P(r) < F(1L,1,9(r), ¢(r) < o(r),

thus f(1,1,%(r),é(r)) = ¥(r). Now, by using Definition 2.1, we get that
either ¥(r) = 0 or ¢(r) = 0, in both cases it follows that » = 0, which
implies

(7) nlgrolo d(xp, Tpt1) = 0.
On the other hand, by (2) and (A1), we obtain
(8) (T, Taken+1) < 1 for all m, k > 0.
Similarly, by (3) and (A1), we obtain
(9) B(Tm, Tmykn+1) = 1 for all m, k> 0.

Now, for some m, k > 0, substituting * = x,, and y = x,» in (1), where
m* :=m+4 kN + 1, we get
Y(d(Txm, Trme)) < H(Y(A(T2m, Tom:)))
< f(a(xﬂh l‘m*), ,B(me, xm*)a 1/J(d(.%'m, .’L‘m*)), ¢(d<l‘m, xm*)))

So, using (8) and (9), we have
(10)
Y(d(@m+1, Tme41)) < F(L, 1, 9(d(@m, Tnr)), S(d(@m; Tmx))) < Y(d(Tm, Tins))-

Using monotone property of ¢, we have

d(l'm-‘rl ) xm*—i—l) < d(l’m, xm*)

Hence the sequence {d(x,, xm+)} is a decreasing sequence. So for the non-
negative decreasing sequence {d(Z,, Tm~)}, there exists some s > 0, such
that

(11) lim d(zp, Tm+) = s.

n—oo

Assume that s > 0. On letting n — oo in (4), so by using (11) and and
the continuity of f, we obtain

(12) P(s) < f(1,1,9(s), d(s)) < ¥(s),
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which f(1,1,%(s), ¢(s)) = ¥(s), again using Definition 2.1, we get ¥(s) =0
or ¢(s) = 0, which implies that s = 0 and so

(13) lim d(xpm, Tm=) = 0.

n—oo
Now, we shall prove that {z,} is a Cauchy sequence. If possible, let {z,}
be not a Cauchy sequence. Then there exists § > 0 for which we can find
subsequences {z,, } and {zy,, } of {z,} with ny > mj; > k such that
(14) d(@ny,, Ty, ) = 0.
Further, corresponding to my, we can choose nj in such a way that it is
the smallest integer with ng > my and satisfying (14). Therefore, we have

(15) d(xn,—1,Tm,,) < 6.
Using (14), (15) and triangle inequality, we have
0<0<d(xn,,Tm,) <
(16) < d(Tny,, Tng—1) + Ad(Tnp—1, Tmy) < 0+ d(Xny, Tnyp—1)-
On letting k — oo and using (7), in (16), we have
(17) lim d(xy,,, Tm,) = 9.

k—o0

Furthermore, for each k > 0, there exist pg,m; > 0 such that mj :=
my + Nug + 1 = ny + ng. Hence, by (14) we have

my—1
0 < d(l’mwl’m;) < d(xm,, Tn,—1) + Z d(xi, xiy1)

(18) ng—1

my—1

<O+ ) d(wi, wiga)

ng—1
Again, letting k — oo and using (7), we get
(19) lim d(zm,,, Tmy) = 6.

k—o0

Also, consider
|d($mka xm;;) - d(mmk—la xm,’gfl)‘ < d(wmk—la xmk) + d(l‘mz, xm;;fl)-
On letting £ — oo in the above inequality and using (7), (13), (19), we get
(20) lim d(mmk_l,.%'m;;,l) =9.

k—o0

Now, by setting z =z, —1 and y = Ty 1 in (1), we obtain

< f(a(l’mk,l, IEmZ—l), ﬂ(xmk*h ‘Emi—l)’

(@1, g —1))s AT 1, T 1)) )
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Now, using (8) and (9), we get

V(A (@ Tz ) < F(L L P(d(@mg—1, Tz —1))s §(d(Timg—1, Tz —1))) <
< Y(d(@my—1, Tz —1))-

On letting k& — oo in the above equation, using (19), (20), and continuity of
1 and f, we obtain

F(1,1,4(5), 6(8)) = (6)
which implies either ¢(§) = 0 or ¢(d) = 0, so we get 6 = 0. This shows that
{z,,} is a Cauchy sequence. As (X, d) is complete metric space, there exists

z* € X such that lim,,_ o z, = x*.
Since T is continuous, we get

lim Tz, =Tx".

n—o0

Since xp41 = Ty, we have also

lim Tz, = z*.
n—oo

By the uniqueness of the limit, we get Tx* = x*, that is, * is a fixed point
of T. O

Theorem 2.2. In Theorem 2.1, if we replace the continuity of T by the
(R1, R2)-regularity of the metric space (X,d), then T has a fixed point x* €
X.

Proof. Following the lines of the proof of Theorem 2.1, we get that {z,} is a
Cauchy sequence. Since (X, d) is a complete metric space, then there exists
z* € X such that z,, — z*. Furthermore, the sequence {x,} satisfies (2)
and (3), that is, ,R12n+1, and z,Rozp41 for all n € N.

Now, since (X,d) is (R1,Re)-regular, then there exists a subsequence
{7y} of {ws } such that z,,,Riz™, that is, (), 2*) < 1 and 2,4 Rax",
that is, B(zn(k), ") = 1, for all k. By setting = z,) and y = z*, in (1),
we obtain

w(d(Tx (k),Tx*)) < h(Y(d(Tzy k), Tz")))
which implies that
V(d(@n(ry+1,T2")) < (L L (d(@nn), 7)), o(d(@n(r), 7))
< Y(d(@n(k), z7))-
Hence using the monotone property of v, we obtain
d(Zp k)1, T7") < d(2p 1y, 7).
On letting k — oo, we get d(x*, Tz*) = 0, that is, * = T'z*. O
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Theorem 2.3. Adding to the hypotheses of Theorem 2.1 (respectively, Theo-
rem 2.2) that X is (R1, Ra)-directed, we obtain uniqueness of the fized point
of T.

Proof. Suppose that 2* and y* are two fixed points of T'. Since X is (R, R2)-
directed, there exists z € X such that

(21) alz®,z) <1, a(y',z) <1
and
(2 Bt )21, Aly2) 21
Since T is R;-preserving for ¢ = 1,2, from (21) and (22), we get
(23) a(z*,T"z) <1, a(y*,T"z) <1, Vn>0;
and
(24) Blx*,T"z) > 1, By*,T"z)>1, Yn>0.
Using (23), (24) and (1), we have
Y(d(@*, T 2)) = Y(d(Tz", T(T"2)))
< h(w(d(Tﬂf T(T"2))))
< fla(a®, T"z2), B(z%, T"2),¢(d(z", T"2)), p(d(z*, T" 2)))
< f(L L g(d(a", T"2)), g(d(a”, T"2)))
< P(d(e”, T"z)).
So, we get
(25) P(d(x®, T 2)) < F(1,1,9(d(z*, T"2)), ¢(d(z*, T"2)))

< (d(a*, T"2)).
Using the monotone property of 1, we have for each n > 0,
d(z*, T"2) < d(z*,T"z).

It follows that {d(z*,T"z)} is monotone decreasing and consequently, there
exists r > 0 such that d(z*,7"2) — r. On letting n — oo, in (25) and using
the continuity of ¢ and f, we obtain

AL 4(r), o(r)) = (r),
which implies either ¢(r) = 0 or ¢(r) = 0, then d(z*,T"z) — 0, as n — oco.
Similarly, we obtain d(y*,7"z) — 0, as n — oo. By the uniqueness of
limit, we have z* = y*. O
3. CONSEQUENCES

In this section, we derive some consequences from our main results.
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3.1. Coupled fixed point results in complete metric spaces.
Definition 3.1 (see [16]). Let F': X x X — X be a given mapping. We
say that (z,y) € X x X is a coupled fixed point of F' if F(x,y) = = and
F(y,x) =y.

Lemma 3.1. A pair (z,y) is a coupled fized point of F if and only if (x,y)
1$ a fized point of T where T : X x X — X x X 1is given by

(26) T(x,y) = (F(z,y), F(y,x)) fordl(z,y) € X x X.
Definition 3.2. Let (X,d) be a metric space and F' : X x X — X be
a given mapping. A mapping F' is an (C AB)-type contractive mapping if
there exists a pair of generalized altering function (¢, ¢), h € A and f € C
such that for all z,y,u,v € X

h((d(F (x,y), F(u,v)))) < f(a((fr,y% (u,v)), B((2,y), (u, v)),

Y(max{d(z, u), d(y, v)}), ¢(max{d(z, u),d(y, v)})),
where o, 3 : X2 x X? — [0, +00).
Definition 3.3. Let X be a set, and Sy, S be two binary relations on X x X
defined by
(z,9), (u,v) € X x X : (x,y)S1(u,v) = a((x,y), (u,v)) <1
and
(z,9), (u,v) € X x X 2 (z,9)82(u,v) = B((z,y), (u,v)) > 1.

Definition 3.4. Let (X,d) be a metric space. We say that (X x X,d) is
(81, 82)-biregular if for all sequences {x,, y,} in X x X such that z,, — = €

X, yn =y € X asn — oo, and (.%'n, yn)8i<xn+17 yn+1)a (yn+17 .’L'n+1)8i(yn, an)
for i = 1,2, and for all n € N, there exists a subsequence {xn(k), yn(k)} such

that (7,k), Yn(k))Si(®, Y), (Y5 )Si(Yn(k)s Tn(k)) for i = 1,2 and for all £ € N.

Definition 3.5. We say that X x X is (S1, S2)-bidirected if for all (x,y), (u,v) €
X x X, there exists (21, z2) € X xX such that ((z,y)Si(z1, 22)) A ((22, 21)Si(y, x))
and ((u,v)S;(z1, 22)) A ((22, 21)Si(v,u)) for i =1, 2.

Corollary 3.1. Let (X,d) be a complete metric space and F: X x X — X
be an (CAB)-type contractive mapping satisfying the following conditions:

(i) S; is N-transitive fori=1,2 (N > 0);
(ii) For all (z,y), (u,v) € X x X, we have
(z,9)Si(u,v) = (F(z,y), F(y,x))S;(F(u,v), F(v,u)) fori=1,2;
(iii) There exists (xo,y0) € X x X such that
(20, ¥0)Si (F'(z0, Y0), F (y0, 20)),

ori=1,2;
(F(yo, o), F(x0,40))Si (Yo, xo) d
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(iv) F is continuous, or (X x X,d) is (S1,S2)-biregular.
Then, F has a coupled fized point (z*,y*) € X x X. Moreover, if X x X
is (81, S2)-bidirected, then we have the uniqueness of the coupled fixed point.

Proof. By Lemma 3.1, a pair (x,y) is a coupled fixed point of F' if and only
if (z,y) is a fixed point of T. Now, consider the complete metric space
(Y,6), where Y = X x X and 0((x,y), (u,v)) = max{d(z,u),d(y,v)} for all
(x,y), (u,v) € X x X. Hence

(AP (2,y), F(u,0)) < h(b(d(F(z,9), F(1,0))))
< f(al(@ ). (w ), B((w,y), (u.v),
B3, u), (g, 0))), 60 (2, ), (4,0)))),

and
Y(d(F(v,0), F(y,2)) < h(G(d(F(0,u), F(y, 7))
£ (al(,u), (g,2)). B((w, ). (3, 2),

Y(6((v,y), (u,2))), 6(0((v,9), (u, x))))-
Since 1) : [0,00) — [0, 00) is nondecreasing, then
Y(max{r,s}) = max{y(r),¢(s)} forall r,s € [0,00).
Hence, for all € := (£1,&2), n:= (n1,m2) € X x X, we have
(O(TE, T)) < h((5(TE, Tn)))
< fla(&;m), b(& ), Y (6(&,m)), 6(5(€,m))),
where a,b:Y xY — [0,400) are the functions defined by

a((&1,82), (m,m2)) = max{a((&1,82), (M1, 1m2)), a((n2,m), (§2, 1))}

IN

and

b((&1,&2), (m,m2)) = min{B((&1,82), (11, m2)), B((12,m), (€2,61))}

and T : Y — Y is given by (26). We shall prove that T is (a,b, 9, ¢, h, f)-
contractive mapping.

Define two binary relations Ry and Ro by ER1n < a(&,n) < 1 and {Ran
< b)) >1forall {,ne X x X.

First, we claim that R; for j = 1,2, are N-transitive. Let (x;,v;) €
X x X for all i € {0,..., N}, such that (z4,y)R;(®it1,yit1) for j = 1,2,
that is, a((zi, vi), (Tit1,vi+1)) < 1 and b((zs, vi), (Tit1,viv1)) > 1 for all
ie{0,...,N}.

By definitions of a and b, it follows that

al(xi, yi), (Tig1,vit1)) <1

forallt € {0,..., N},
a((yi-l-l:xi-‘rl):(yivxi)) <1 { }
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and
B((zi, i), (Tit1, Yir1))

>1
_ for all i € {0,...,N},
B((Yit+1, Tit1), (Yi, i) > 1 { }

or
(20, Y0)Sj (@it 1, Yit1)
(@i+1, Yi+1)S; (@i, i)
Hence by (i), we have

for j =1,2 and for all i € {0,..., N}.

(0,90)Sj(xN+1,yN+1) and  (zn41,yn+1)Sj(xo,y0) for j =1,2,
that is,

a((zo,90), (wn+1,yn+1)) < 15 a((yn+1, TN+1), (Y0, 20)) < 1
1 1

B((zo,y0), (xn+1,yn+1)) = 1 B((Yn+1, 2N+1), (Yo, To)) >
or
(20, ¥o)Rj(xN41,yn+1) for j=1,2.
Then our claim holds.

Let & = (§1,€2), n = (m,nm2) € Y such that a({,n) < 1 and b(,n) =
1. Using condition (ii), we obtain immediately that a(7¢,Tn) < 1 and
b(T¢,Tn) > 1. Then T is Rj-preserving for j = 1,2. Moreover, from condi-
tion (iii), we know that there exists (zo, yo) € Y such that (zo, yo)R;T (z0, yo)
for j = 1,2. If F is continuous, then T also is continuous. Then all the hy-
potheses of Theorem 2.1 are satisfied.

If (X x X,d) is (S1,82)-biregular, then we easily have that (X x X,d)
is (R1, Ra)-regular. Hence, Theorem 2.2 yields the result. We deduce the
existence of a fixed point of T' that gives us from (26) the existence of a
coupled fixed point of F'. Now, since X x X is (51, S2)-bidirected, one can
easily derive that X x X is (R1, Ra)-directed by regarding Lemma 3.1 and
Definition 3.5. Finally, by using Theorem 2.3, we obtain the uniqueness of
the fixed point of T, that is, the uniqueness of the coupled fixed point of
F. O

3.2. Fixed point results on metric spaces endowed with N-transitive
binary relation. In this subsection, we establish a fixed point theorem on
metric space endowed with N-transitive binary relation S.

Corollary 3.2. Let X be a non-empty set endowed with a binary relation S.
Suppose that there is a metric d on X such that (X,d) is complete metric
space. Suppose there exists a pair of generalized altering distance (1, @),

heAand fe€C such that T : X — X satisfies the following contraction

h(p(d(Tz,Ty))) < f(1,1,9(d(z,y)), ¢(d(z,y))), for all zSy.
Suppose also that the following conditions hold:
(i) S is N-transitive (N > 0);
(ii) T is a S-preserving mapping;
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(iii) there exists xg € X such that xoSTxo;

(iv) T is continuous or (X,d) is S-regular.

Then T has a fized point. Moreover, if X is S-directed, we have the
uniqueness of the fixed point.

Proof. Define the mappings o, 5 : X x X — [0, +00) by

(2.1) 1, if xSy,
a\xr =
Y7\ 24 h((d(Te, Ty))),  otherwise

and

0, otherwise

if

Now by using Definition 1.8, the conclusion follows directly from Theo-
rems 2.1-2.3 where f is given by

f(’UJ’U’S,t) — {f(u7/vﬂs7t)7 ifué ]:;
u, otherwise. [J
3.3. Fixed point results for cyclic contractive mappings. In [21], Kirk
et al. generalized the Banach contraction principle and obtained some new
fixed point results for cyclic type contractive mappings. On the similar lines
we obtained some new results for cycllic type contraction mappings in this
section.
Let us define the binary relations Rq and Rs.

Definition 3.6. Let X be a nonempty set and A;, ¢ € {1,...,N} be
nonempty closed subsets of X. We define two binary relations Ry for k = 1,2
by
N
T,y € X: :chy ~ (x,y) el .= U(A, X Ai+1) with AN+1 = Aj.
i=1
Corollary 3.3. Fori € {1,...,N}, let A; be nonempty closed subsets of
a complete metric space (X,d), and let T : X — X be a given mapping.
Suppose that the following conditions hold:
(1) T(AZ) C Ai+1 fO’I” alli € {1, R ,N} with AN+1 = Al;
(i) there exist a pair of generalized altering distance (¢¥,¢), h € A and
f € C such that

h(p(d(Tz, Ty))) < f(1,1,¢(d(2,y)), ¢(d(z,y))), for all (z,y) €I
Then T has a unique fized point in ﬁf\ilAi.
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Proof. LetY = Ufil A;. Foralli € {1,..., N}, we have by assumption that
each A; is nonempty closed subset of the complete metric space X, which
implies that (Y, d) is complete. Define the mappings o, 5 : Y XY — [0, +00)
by

(2,y) = 1, if (z,y) €T,
any) = 2+ h(y(d(Tz,Ty))), otherwise;

and

Bla.y) = {1, if (z,y) €T,

0, otherwise.

Hence, Definition 3.6 is equivalent to Definition 1.8.

We start by checking that R; and R are N-transitive. Indeed, let
Zo,...,xN+1 € Y such that 2y Rixg 1 and xpRoexpyq for all € {0,..., N},
that is, a(zg, zp11) < 1 and B(xg, xp11) > 1, for all k € {0,..., N} such
that zo € A;, 1 € Aiq1, -, Tk € Ajakye - ZN+1 € Ajyny1 = Aj41, which
implies that (xg,xn4+1) € A; X A;ix1 € I'. Hence, we obtain a(zg,zn4+1) <1
and [(zo,zn41) > 1, that is, zgRi1xn+1 and 29Rex n+1, which implies that
R1 and Ro are N-transitive.

Next, from (ii) and the definition of a and S, we can write

h(p(d(Tz, Ty))) < flalz,y), Bz, y),Y(d(z,y)), p(d(z,y))), forallz,y €Y
where f is given by

flu,v,8,t), ifu<l

u, otherwise.

f(u,v,s,t):{

Thus, T is (C'AB)-contractive mapping.

We claim next that T is Ri-preserving and Ro-preserving. Indeed, let
z,y € Y such that 2Ry and zRay, that is, a(z,y) < 1 and B(z,y) > 1;
hence, there exists ¢ € {1,...,N} such that z € A;, y € A;y1. Thus,
(Tz,Ty) € Ajy1 X Ajzo CT', then o(Tx,Ty) <1 and B(Tz,Ty) > 1, that
is, TaR1Ty and TxR2Ty. Hence, our claim holds.

Also, from (i), for any zgA; for all i € {1,..., N}, we have (z¢,Tzg) €
A; x Aiy1, which implies that a(xg, Txo) < 1 and S(zo, Tzp) > 1, that is,
xoRlT(I}o and $0R2T{L'0.

Now, we claim that Y is (R1, R2)-regular. Let {z,} be a sequence in
Y such that z,, - x € Y as n — oo, and £, R1Zn+1, £nRoxpy1 for all n,
that is, a(xn, Tpt1) < 1, Bz, xny1) > 1 for all n. It follows that there
existi,j € {1,..., N} such that x,, € A;4, for all n € N and z € A;, so
T(j—i—14+N)+kN € Aj—1+(k+1)N = Aj—l for all k£ € N.

By letting n(k) := (j —i — 1+ N) + kN for all k£ € N, we conclude that
the subsequence {x,,} satisfies (z,(x),7) € Aj_1 x A; C T for all k € N,
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hence (), r) < 1 and B(z,x), ) > 1 for all k, that is, x,4)R12 and
Tp(k)R2x, which proves our claim.

Hence, all the hypotheses of Theorem 2.2 are satisfied on (Y, d), and we
deduce that T has a fixed point z* € Y. Since x* € A; for some i €
{1,...,N} and o* = Tx* € A;4q for alli € {1,..., N}, then z* N, 4;.

Moreover, it is easy to check that X is (R1,Ra)-directed. Indeed, let
z,y €Y withae € A;, y € Aj, 4,5 € {1,...,N}. For z = 2* € Y, we have
((a(z,2) < 1) A (aly, ) < 1)) and ((B(z,2) > 1) A (B(y, 2) > 1)). Thus, X
is (R1, Ra)-directed.

Finally, the uniqueness follows by Theorem 2.3. 0

4. SOME RELATED RESULTS

As a consequence of our results some fixed point theorems of Berzig and
Karapinar in [5] can be derived from our main results by taking f(z,y, z,t) =
xz — yt.

Corollary 4.1. Theorem 2.1 from |5] is a particular case of Theorem 2.1.
Corollary 4.2. Theorem 2.2 from [5] is a particular case of Theorem 2.2.
Corollary 4.3. Theorem 2.3 from |5] is a particular case of Theorem 2.3.

Moreover, corollaries in |5] on coupled fixed point, fixed point on partially
ordered metric spaces and fixed point for cyclic mappings can be derived
from our results by taking f(1,1,z,t) = z — t. So, we have

Corollary 4.4. Corollary 3.1 from |5] is a particular case of Corollary 3.1.
Corollary 4.5. Corollary 3.2 from [5] is a particular case of Corollary 3.2.
Corollary 4.6. Corollary 3.3 from |5] is a particular case of Corollary 3.3.
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